Manifolds endowed with torsion and nonmetricity are interesting both from the physical and the mathematical points of view. In this paper, we generalize some results presented in the literature. We study Einstein manifolds in d dimensions with nonvanishing torsion that has both a trace and a traceless part, and analyze the conformal invariance of the corresponding field equations. Then, we compare our results to the case of Einstein manifolds with zero torsion and nonvanishing nonmetricity, where the latter is given in terms of the Weyl vector (Einstein-Weyl spaces). We find that the trace part of the torsion can alternatively be interpreted as the trace part of the nonmetricity. The analysis is subsequently extended to Einstein spaces with both torsion and nonmetricity, where we also discuss the general setting in which the nonmetricity tensor has both a trace and a traceless part. Moreover, we consider and investigate actions involving scalar curvatures obtained from torsionful or nonmetric connections, analyzing their relations with other gravitational theories that appeared previously in the literature. In particular, we show that the Einstein-Cartan action and the scale invariant gravity (i.e., conformal gravity) action describe the same dynamics. Then, we consider the Einstein-Hilbert action coupled to a three-form field strength and shew that its equations of motion imply that the manifold is Einstein with skew-symmetric torsion.
1 Introduction to a three-form H µνρ and shew that its equations of motion imply that the manifold is Einstein with skew-symmetric torsion. Furthermore, it turns out that the equations of motion of Einstein gravity coupled to a three-form may also be retrieved from a constrained action that contains the scalar curvature of a connection with torsion.
The remainder of this paper is organized as follows: In section 2, we consider Einstein spaces with torsion that has both a trace and a traceless part. In particular, we find the field equations satisfied by an Einstein-Cartan space. Then, the conformal invariance of the latter is studied and the results are compared to the case of Einstein-Weyl manifolds, which have nonvanishing nonmetricity but zero torsion. In section 3, we extend the analysis to Einstein-Cartan-Weyl manifolds, and add thereby also a traceless part to the nonmetricity tensor. In section 4, the conformally invariant Einstein-Cartan action is studied and shown to be equivalent to scale invariant gravity (i.e., conformal gravity), which involves the presence of a scalar field φ. Subsequently, in section 5 we consider the Einstein-Hilbert action coupled to a three-form, and show that the resulting field equations imply that the space is Einstein with torsion, where the latter is proportional to H µνρ . We conclude our work with some comments, a discussion on the relation among theories involving a cosmological constant, torsion and nonmetricity, and possible future developments.
Einstein manifolds with torsion
We first consider a d-dimensional Einstein manifold with metric g µν and nonvanishing torsion (i.e., a so-called Einstein-Cartan manifold) 2 . The connection Γ λ µν can be decomposed as
whereΓ λ µν are the connection coefficients of the Levi-Civita connection (i.e., the Christoffel symbols) and N λ µν is called the distortion. The latter can be written as
where T λ µν = e λ a T a µν is the torsion 3 , antisymmetric in the last two indices,
while Q λµν is called the nonmetricity tensor. Let us also introduce the contorsion (or contortion), antisymmetric in the first two indices,
The distortion becomes then In [73, 74] , Einstein manifolds with skew symmetric torsion were analyzed. Below, we shall consider a general decomposition of the torsion tensor, that can be decomposed in a traceless and a trace part as
In particular, we haveT ν µν = 0 and T µ ≡ T ν µν . Notice that 2N λ [µν] = T λ µν . For vanishing nonmetricity, (2.5) reduces to
and thus (2.1) becomes
The Riemann tensor of the Einstein-Cartan connection Γ λ µν reads 4
whereR λ ρµν and ∇ denote respectively the Riemann tensor and the covariant derivative of the Levi-Civita connection. 4 The first line of (2.9) follows from the definition [Dµ, Dν ] ωρ + T The corresponding Ricci tensor is given by
In particular, one gets
Note that if we set the traceless part of the torsion to zero,T λ µν = 0, we are left with
where
In general, one has thus
One can also construct another Ricci tensor by contracting the second and the third index of the Riemann tensor. However, the Ricci tensor obtained in this way coincides with (2.10), since R λρµν = −R ρλµν is still valid (while it fails to be for nonmetric connections). The Ricci scalar reads
Let us now define an Einstein space with torsion by
for some function λ. Using (2.10), this becomes
whose trace yieldsR 18) and thus
Hence, in terms of Riemannian data, (2.16) becomes 20) which is a set of nonlinear partial differential equations characterizing an Einstein manifold with torsion, henceforth termed Einstein-Cartan space.
Conformal invariance in Einstein-Cartan manifolds
We will now show that (2.16) is conformally invariant. Let us consider the Weyl rescaling
where ω is an arbitrary function and ω a µ b denotes the spin connection. Under (2.21), the connections and the torsion transform as 22) and therefore
For the Riemann tensor, the Ricci tensor and the scalar curvature, we get respectively 24) while the Ricci scalarR transforms according tõ
Now, (2.16) implies R = λd, so that (2.16) is equivalent to
which is obviously conformally invariant.
Comparison with Einstein-Weyl spaces
A Weyl structure on a manifold Σ consists of a conformal structure [g] = {f g|f : Σ → R + }, and a torsion-free connection∇ which is compatible with [g] in the sense that 27) for some one-form Θ on Σ (the Weyl vector). This compatibility condition is invariant under the transformation
Note that in this case the distortion is given by
A Weyl structure is said to be Einstein-Weyl [11] if the symmetrized Ricci tensor W ρν of∇ is proportional to some metric g ∈ [g],
where W is the scalar curvature of the Weyl connection∇. It is given by 5
The conformally invariant condition (2.30) can be rewritten in terms of Riemannian data as
The scope of this subsection is to compare the field equations for Einstein manifolds with torsion, (2.20), with the Einstein-Weyl equations (2.32). To this end, let us define 33) such that, under the conformal transformation (2.23), we have
Using (2.33) in (2.20), one gets
Thus, forT λ µν = 0, (2.35) exactly coincides with (2.32) if we identify A µ with Θ µ , i.e., T µ → (d − 1)Θ µ . This is actually not surprising, since forT λ µν = 0 the torsion two-form is given by
Then, the first Cartan structure equation gives
We can then define a new connectionω ab aŝ 
The torsion of D has only a trace part T µ , and (2.40) is invariant under the conformal transformation (2.21), (2.23).
Einstein manifolds with torsion and nonmetricity
Let us now consider Einstein spaces with both torsion and nonmetricity (we will call these Einstein-Cartan-Weyl manifolds), and study the conformal invariance of the corresponding field equations.
With respect to section 2, we will in addition allow for a nonmetricity tensor of the form (2.27), where∇ has also torsion. We are thus considering only the trace part of the nonmetricity. The consequences of adding a traceless part will be analyzed at the end of this section. The connection Γ λ µν of the Einstein-Cartan-Weyl manifold is given bŷ Γ
where theΓ λ µν are the Christoffel symbols, and the distortion N λ µν (cf. (2.2)) reads in the present context
The Ricci tensor of∇ iŝ
where ∇ denotes again the Levi-Civita connection. Note that one can construct another Ricci tensor R ρν =R µ µρν (commonly referred to as the homothetic curvature), since for nonmetric connections the Riemann tensor is not necessarily antisymmetric in the first two indices. In our case we have 4) and thus the Ricci scalar associated with the homothetic curvature is identically zero. On the other hand, the nonvanishing Ricci scalar is given bŷ
νρµT µνρ
Observe that, if we defineŤ
the Ricci scalar (3.5) becomeŝ
which corresponds to the Ricci scalar of a metric connection with torsion (cf. eq. (2.15)), whose trace part is given byŤ µ .
We define an Einstein-Cartan-Weyl space bŷ
for some function λ. Using (3.3), this can be rewritten in the equivalent form
µτ σT µτ σ −
2T
µτ σT τ σµ
which is a system of nonlinear partial differential equations characterizing an Einstein-Cartan-Weyl manifold.
Conformal invariance of the Einstein-Cartan-Weyl equations
Let us now discuss the conformal invariance of (3.8). Under a Weyl rescaling g µν → e 2ω g µν , the one-form Θ and the connectionΓ transform according to 6
where ξ denotes an arbitrary parameter that we are free to include [67, 70] . This means that the torsion and the nonmetricity tensor transform respectively as
In particular, we find
For the Riemann tensor, the Ricci tensor and the scalar curvature one obtains respectivelŷ
(3.13) (3.8) impliesR = λd, so that (3.8) is equivalent tô 14) which is clearly conformally invariant. Let us finally make some comments on two particular cases, namely ξ = 1 and ξ = 0.
• For ξ = 1 one has
Observe that (3.15) corresponds to the conformal transformation for Θ µ discussed in section 2 in the context of a Weyl structure (that is with nonmetricity and zero torsion). Moreover, note that this is the only case in which the connection is also invariant,Γ ρ µν →Γ ρ µν .
• For ξ = 0 we get
This reproduces exactly the conformal transformation for T µ discussed in section 2 for manifolds with torsion and vanishing nonmetricity. In this case one obtainŝ
This is in agreement with [67] . Note that the same results for the conformal invariance in the case of an Einstein-Cartan-Weyl manifold (we refer, in particular, to (3.12)) could have been obtained by considering (3.7), together with the definition (3.6), that is by reabsorbing the nonmetricity and exploiting the conformal transformations of sec. 2 for an Einstein-Cartan manifold with torsion and vanishing nonmetricity.
Adding a traceless part to the nonmetricity tensor
In the following we extend the above analysis to include a traceless part of the nonmetricity as well. Interestingly, in the case where the latter is totally symmetric, it can be viewed as representing a massless spin-3 field [85, 86] .
Thus, we decompose
whereQ ν µν = 0. Using (2.6) and (3.18) in (2.2), the distortion becomes
where we defined the so-called disformation (also known as deflection tensor) 20) which is symmetric in the last two indices.K νλµ andM νλµ are respectively the traceless part of K νλµ and M νλµ ,
From (3.1) one obtains for the connection
The Ricci tensor of∇ readŝ
which now contains extra contributions from traceless tensorQ λµν . The homothetic curvature is still given by (3.4), while the Ricci scalar iŝ
Observe that, by definingŤ 25) whereŤ ν µν = 0, and using the fact that the symmetries ofT µνρ andQ µνρ imply 26) one can shew that the Ricci scalar (3.24) can be written aŝ 27) which corresponds to the Ricci scalar of a metric connection with nonvanishing torsion, whose trace and traceless parts are now respectively given byŤ µ andŤ µνρ . This is analogous to the case in which one does not include a traceless contribution for the nonmetricity, cf. eq. (3.7).
As before, we define an Einstein-Cartan-Weyl space by eq. (3.8), which becomes in the present context
which represents a system of nonlinear partial differential equations characterizing an EinsteinCartan-Weyl manifold with the most general form of torsion and nonmetricity. Finally, we can consider the Weyl rescaling g µν → e 2ω g µν , with Θ andΓ transforming as in (3.10), and the torsion and nonmetricity tensor according to (3.11) . In particular, we havȇ
For the curvature tensors one still has the transformation laws given in (3.13), so that the EinsteinCartan-Weyl equations (3.8) are again conformally invariant for arbitrary parameter ξ.
Einstein-Cartan action and scale invariant gravity
Let us consider the action
where R is the Ricci scalar (2.15) of a torsionful but metric connection, φ denotes a scalar field, and κ is a constant. Along the same lines of [70] , (4.1) can be rewritten as
withR the scalar curvature of the Levi-Civita connection. One easily shows that (4.2) is invariant under
Using the traceless part of the contorsion defined in (3.21), the action (4.2) becomes 4) and its variation w.r.t. T µ andK νρµ yields respectively
Notice that T µ can be eliminated by a Weyl rescaling and is thus pure gauge. Using the definition (3.21) and the fact that the traceless part of the torsion is antisymmetric in the last two indices, we getT µνρ = 2K µ[νρ] = 0, and therefore alsoK µνρ = 0, in agreement with [65, 70] . Varying the action (4.4) w.r.t. g µν and φ leads to
where we have used the expression for T ν in (4.5) as well asK µνρ = 0. Observe that the trace of (4.6a) implies (4.6b), which can be understood as a consequence of φ being pure gauge. Let us now consider the conformally invariant action
which is called scale invariant (i.e., conformal gravity). It turns out that the equations of motion following from (4.7) are precisely (4.6a) and (4.6b) obtained from (4.4) after having used the expressions for the torsion. The actions (4.1) and (4.7) describe thus the same dynamics. Notice also that, plugging T µ (cf. (4.5)) andK µνρ = 0 into (4.4), one gets, up to a surface term 7 , the conformal gravity action (4.7) (see also [70] ). One can also show that the action (4.1) implies that the spacetime is Einstein with torsion. To see this, observe that eq. (4.6a) can be rewritten as
Using also (4.6b), this can be cast into the form
On the other hand, consider the system (2.20) characterizing an Einstein-Cartan manifold, and use the result (4.5) for the trace part of the torsion as well asT µνρ = 0. Then (2.20) boils down precisely to (4.9).
7 The surface term is
Let us also observe that, as already mentioned in [70] , conformal invariance allows to rescale φ → e 
where we chose κ = 2Λ(16πG) 2/(d−2) . The Einstein-Hilbert action with cosmological constant can thus be viewed as a gauge fixed version of the conformally invariant action (4.7). Finally, let us recall that the trace part of the torsion can also be interpreted as the trace part of the nonmetricity (cf. sec. 2.2). If we set the traceless part of the torsion to zero, this leads to the action 11) which is invariant under
The variation of (4.11) w.r.t. Θ µ yields
Again, one can easily show that the action (4.11) and (4.7) describe the same dynamics. (4.11) implies that the spacetime is Einstein-Weyl, where the Weyl vector is given by (4.13), and is thus pure gauge. Notice in this context that there is no known action principle that leads to the Einstein-Weyl equations with non-exact Weyl vector.
Einstein-Hilbert action coupled to a 3-form as Einstein-Cartan gravity
The Einstein-Hilbert action coupled to a 3-form field strength reads
where H µνρ is given in terms of a gauge potential B µν ,
The variation of (5.1) w.r.t. B µν leads to 
We would like to compare this with (5.4). To this end, take the trace of (5.4), which leads tõ
Now subtract its trace part from (5.4) to obtaiñ
which coincides precisely with (5.5) if we identify H µνρ =T µνρ . The equations of motion following from (5.1) imply thus that the spacetime is Einstein with skew-symmetric torsion H µνρ satisfying (5.3). Notice however that the equations (5.4) are more restrictive than (5.5), since they contain in addition the trace part (5.6), while (5.5) is traceless. This is somehow reminiscent of hyper-CR (or Gauduchon-Tod) spaces [87] , where on top of the (trace-free) Einstein-Weyl equations there is a constraint on the scalar curvature. Quite remarkably, the equations (5.3), (5.4) can also be retrieved from the constrained action 8) where R denotes the scalar curvature of a torsionful but metric connection (cf. (2.15)), λ µνρ is a Lagrange multiplier, and B µν is antisymmetric. The variation of (5.8) w.r.t. T µ , B µν , λ µνρ ,T µνρ and g µν gives respectively
where we already used T µ = 0 in (5.12). (5.10) implies that the traceless part of the torsion is completely antisymmetric, and thus (5.11) reduces to
Plugging this into the last eq. of (5.9) leads to
Finally, using (5.10) in (5.14) and (5.12), one gets precisely (5.3) and (5.4). The actions S 1 and S 2 describe therefore the same dynamics.
Discussion
Motivated by the interest in connections with torsion and nonmetricity both from the physical and the mathematical point of view, we generalized here some results that appeared previously in the literature.
In particular, we considered Einstein spaces with nonvanishing torsion that has both a trace and a traceless part (Einstein-Cartan manifolds), and showed that the resulting field equations are conformally invariant. We then compared our results to Einstein manifolds with zero torsion but nonvanishing nonmetricity, where the latter is given in terms of the Weyl vector Θ µ (Einstein-Weyl spaces). We saw that, if the traceless part of the torsion is set to zero, then the system of partial differential equations characterizing Einstein-Cartan spaces exactly coincides with the EinsteinWeyl equations if the torsion trace T µ is replaced by (d − 1)Θ µ . Subsequently, we extended our analysis to the case of Einstein manifolds with both torsion and nonmetricity (Einstein-Cartan-Weyl spaces), allowing for both a trace and a traceless part of the nonmetricity tensor.
Moreover, we considered actions involving scalar curvatures obtained from torsionful or nonmetric connections, and investigated their relations with other gravitational theories. In particular, we analyzed a conformally invariant action with torsion and its relation with scale invariant gravity, which involves a scalar φ, and found that they reproduce the same dynamics. Then, the EinsteinHilbert action coupled to a three-form field strength H µνρ was considered, and it was shown that its equations of motion imply that the manifold is Einstein with skew-symmetric torsion. Furthermore, it turned out that the equations of motion of Einstein gravity coupled to a three-form may also be retrieved from a constrained action that contains the scalar curvature of a connection with torsion.
The analysis of this paper might also be extended in other directions. In particular, it would be interesting to generalize the construction of [71] concerning the Chern-Simons formulation of threedimensional gravity involving torsion and nonmetricity, and the recent results presented in [88] in the context of double field theory. One could also investigate possible generalizations of [85, 86] .
On the other hand, a future development of our work may consist in possible generalizations of the Jones-Tod correspondence [41] between selfdual conformal four-manifolds with a conformal vector field and abelian monopoles on Einstein-Weyl spaces in three dimensions. Especially one could ask whether Einstein-Cartan-Weyl manifolds can arise in a similar way by symmetry reduction from higher dimensions.
Finally, a further direction for future research would be a geometrical investigation of the results on unconventional supersymmetry presented recently in [89] , where torsion plays a fundamental role, under the perspective developed here.
